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Abstract
The coupling between a quantum dynamical system and a two-level system
reservoir is analysed within the framework of the Feynman-Vernon theory.
We stress the differences between this new reservoir and the well-known bath
of oscillators and show that, in order to obtain the Langevin equation for
the system of interest in the high temperature regime, we have to choose a
spectral distribution function J(ω) which is finite for ω = 0.
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In the two past decades, there has been great effort in bringing out a theoretical treatment
of dissipation in quantum systems whose dynamics is described by the Langevin equation
mx¨+ ηx˙+
∂V
∂x
= F (t) (1)
where F (t) is a random force:
〈F (t)〉 = 0 (2)
One possible way to achieve that is by coupling the quantum system of interest to a
reservoir [1]. Under very general conditions [2,3] we can choose the reservoir to be a set
of decoupled harmonic oscillators, each of which has a different characteristic frequency ωk.
These frequencies are distributed in such a way that the spectral function J(ω) is given by
J(ω) =

 ηω for ω < Ω, and0 for ω > Ω (3)
in order that the two time correlation of the random force becomes
〈F (t)F (t′)〉 =
1
2pi
∫
e−iω(t−t
′) ηh¯ω coth
(
βh¯ω
2
)
dω , (4)
where β = 1
kT
and a cut-off frequency for ω is assumed, say Ω. In the long time and high
temperature limit:
|t− t′| ≫ Ω−1 and β ≫ h¯|t− t′|−1 (5)
one obtains
〈F (t)F (t′)〉 = 2ηkTδ(t− t′) , (6)
which is the classical two time correlation of the random force.
We propose here another kind of reservoir: a set of decoupled two level systems (which
may be understood as a projection onto the first two levels of the bath of oscilators) which
is coupled to the system of interest by
H = HS +Hi +Hb (7)
where HS represents the Hamiltonian of the system we are interested in and
Hi = −
N∑
k=1
JkXσxk (8)
Hb =
N∑
k=1
h¯ωk
2
σzk (9)
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We assume that the system of interest and the bath are decoupled at t = 0, so that the
initial condition is given by
ρ(0) = eβHb ρ˜(0)
as usual. We treat the interaction problem within the Feynman-Vernon theory, obtaining
for the influence functional:
F [x, y] = Trb
[
e−βHbAy′y(0, t)Axx′(t, 0)
]
, (10)
where we have defined
Ay′y(0, t) ≡ Texp
[
+
i
h¯
∫ t
0
H˜i(x(τ))dτ
]
e+iHbt/h¯ (11)
and
Axx′(t, 0) ≡ e
−iHbt/h¯T exp
[
−
i
h¯
∫ t
0
H˜i(x(τ))dτ
]
. (12)
where T denotes the time ordered product and
H˜i ≡ e
iHbt/h¯Hi(x(τ))e
−iHbt/h¯
is the interaction Hamiltonian in the interaction picture.
We calculate Ay′y and Axx′ up to second order in the interaction strength Jk, see [4]:
Ay′y(0, t) ≈
{
1 +
i
h¯
∫ t
0
dτH˜i(y(τ))−
−
1
h¯2
∫ t
0
dτ
∫ τ
0
dσH˜i(y(τ))H˜i(y(σ))
}
eiHbt/h¯ (13)
and
Axx′(t, 0) ≈ e
−iHbt/h¯
{
1 +
i
h¯
∫ t
0
dτH˜i(x(τ))−
−
1
h¯2
∫ t
0
dτ
∫ τ
0
dσH˜i(x(τ))H˜i(x(σ))
}
. (14)
We evaluate the trace (see (10)) keeping the terms up to second order in Hi, and this leads
to
F [x, y] ≈
1−
1
h¯2
∫ t
0
dτ
∫ τ
0
dσ
{〈
H˜i(y(σ))H˜i(y(τ))
〉
+
〈
H˜i(x(τ))H˜i(x(σ))
〉
−
−
〈
H˜i(y(τ))H˜i(x(σ))
〉
−
〈
H˜i(y(σ))H˜i(x(τ))
〉}
, (15)
where the linear terms in
〈
H˜i
〉
vanishes, since H˜i has only zeros in its diagonal.
We can carry out the averages 〈 〉 over the reservoir obtaining for the influence functional
[6]
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F [q, ξ] = exp
{
−
1
h¯2
∫ t
0
dτ
∫ τ
0
dσ
∑
α
J2α [ξ(τ)ξ(σ) cosωα(τ − σ)−
−2iq(τ)ξ(σ) tanh
βh¯ωα
2
sinωα(τ − σ)
]}
, (16)
where
q =
x+ y
2
ξ = x− y
Taking a continuous distribution of two level systems, we define as in [3],
J(ω) =
∑
α
J2α
h¯
δ(ω − ωα) (17)
and write the final form of the influence functional for the system of interest as
F [q, ξ] = exp−
1
h¯
∫ t
0
dτ
∫ τ
0
dσ
∫ ∞
0
dω J(ω) [ξ(τ)ξ(σ) cosω(τ − σ) −
−2iq(τ)ξ(σ) tanh
βh¯ω
2
sinω(τ − σ)
]
. (18)
Now we may compare this influence functional with that obtained in [3], for the bath of
oscilators. If we take the same spectral function as in [2,3], that means J(ω) = ηω θ(Ω−ω),
this new environment gives us a very different behaviour from the previous model. As we
easily see from (18) the imaginary part of the exponent of the influence functional becomes
explicitly temperature dependent and its frequency dependence will not allow us to write a
‘memoriless’ damping term as before. This only happens at very low temperatures (β →∞)
when the damping term turns out to be exactly as before.
On the other hand, the real part of the exponent of the influence functional has no
temperature dependence at all. The form of that term clearly show that we cannot ever
write a diffusion coefficient for this case. This term will always give a non-Markoffian
diffusion process.
In order to recover the same behaviour, as with the bath of oscillators, onone should
work with a new J(ω) given by
J(ω) =

 ηω coth
βh¯ω
2
for ω < Ω, and
0 if ω > Ω
(19)
which is finite for ω → 0 and temperature dependent.
Although at the present stage our results are purely academical, we think this could be
a reasonable starting point for dealing with the relaxation of the magnetization of a spin
glass [5].
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